Structural characteristics of phase transformations in epitaxial ferroelectric films are analyzed via a Landau-Devonshire thermodynamic formalism. It is shown that the phase transformation temperature, the lattice parameters, and the order of the phase transformation are a strong function of the misfit strain and are considerably different compared to unconstrained, unstressed single crystals of the same composition. Depending on the internal stress state, it is possible that the structural aspects of the paraelectric-ferroelectric phase transformation may be completely obscured in the presence of epitaxial strains. The thickness dependence of epitaxial stresses due to relaxation by misfit dislocations during film deposition is incorporated into the model using an ''effective'' substrate lattice parameter. There is a good quantitative agreement between the theoretical analysis and experimental observations reported in the literature on the variations in the lattice parameters and the phase transformation temperature with film thickness in epitaxial BaTiO 3 films.
I. INTRODUCTION
Structural characteristics of phase transformations, the phase transformation temperature, and the overall nature of the phase transformation in thin film materials may differ significantly from their bulk or single-crystal form due to the presence of internal stresses. In compositionally homogeneous thin films internal stresses arise due to a variety of reasons, including the lattice mismatch between the film and substrate if the films are epitaxial, the difference in thermal expansion coefficients ͑TECs͒ of the film and the substrate, the self-strain of the phase transformation if the material is grown above the phase transformation temperature, and defects such as dislocations and vacancies. Experimental results in thin films of a wide variety of materials systems ͑including superconducting, ferroelectric, magnetic, and ferroelastic oxides͒ indicate that internal stresses strongly alter not only structural behavior of phase transformations but also the electrical, electromechanical, magnetic, and elastic properties. 1 The changes in phase transformation characteristics in thin films have been discussed qualitatively to provide an explanation to the observed experimental results for a particular material system. However, a unified approach that quantitatively describes the nature of phase transformations in thin films is lacking. It is quite obvious that internal stresses should result in a shift of the phase transformation temperature, but what is not so obvious is the sometimes not so subtle effect of the two-dimensional clamping of the substrate which is usually much thicker than the film. The clamping effect is essentially due to the coupling between the order parameter of the phase transformation and the internal stresses 2 and may be unavoidable even for perfectly matched film-substrate systems.
During recent years, there have been several experimental studies to understand the effect of internal stresses on structural characteristics of the ferroelectric phase transformation in thin films. For example, it was shown that the lattice parameters of ͑001͒ BaTiO 3 ͑BT͒ films grown on ͑001͒ SrTiO 3 ͑ST͒ substrates do not exhibit an abrupt change due to the cubic to tetragonal phase transformation over a rather large temperature range, including the bulk phase transformation temperature. [3] [4] [5] [6] [7] [8] Raman scattering observations in epitaxial barium strontium titanate films on ͑001͒ MgO show that the ferroelectric phase transformation is shifted to higher temperatures and the paraelectric phase has tetragonal symmetry. 9, 10 The increase in ferroelectric phase transformation temperature was also observed for BT films epitaxially grown on ͑001͒ MgO substrates and has been attributed to the stresses induced by substrates.
11 Similar results were obtained for epitaxial incipient ferroelectric ͑001͒ ST films on ͑001͒ LaAlO 3 substrates. 12 Theoretical results indicate that it is even possible to stabilize a ferroelectric phase in ST epitaxial films. 13 It is important to note that in addition to ͑or rather associated with͒ these variations in the structural characteristics, there is also a strong dependence of the electrical, electromechanical, and pyroelectric properties on the internal stresses as demonstrated both experimentally and theoretically. 2, [13] [14] [15] [16] [17] [18] [19] [20] [21] Therefore, it is crucial to understand the nature of the phase transformations in epitaxial ferroelectric thin films. Furthermore, this effort may also lead to a better description of ferroelectric superlattices for which there is an interest in recent years due to potential technological applications. In this article, a rigorous, yet simple thermodynamic formalism is developed to describe the structural characteristics of epia͒ Author to whom correspondence should be addressed. Electronic mail: p.alpay@ims.uconn.edu taxial ferroelectric thin films. As a specific example, the cubic-to-tetragonal phase transformation in BT is analyzed but the developed approach is quite general and equally applicable to any structural phase transformation with appropriate modifications.
II. THEORY
Consider a ferroelectric phase transformation where upon cooling the paraelectric cubic Pm3 m ͑#221͒ phase transforms to a ferroelectric tetragonal P4mm ͑#99͒ phase. This transformation is commonly observed in perovskite ferroelectrics such as BaTiO 3 and PbTiO 3 . The phase transformation characteristics can be described via a LandauDevonshire potential:
where F 0 is the energy in the paraelectric state, ␣ 1 , ␣ 11 , and ␣ 111 are the dielectric stiffness coefficients, i j the external stress, and S i j the elastic compliances at constant polarization. The external stress is coupled with the polarization through the electrostrictive coefficients Q i j . The tensor quantities in the above expression are given in the contracted notation. The temperature dependence of ␣ 1 is given by the Curie-Weiss law, ␣ 1 ϭ(TϪT C )/2 0 C, where T C and C are the Curie-Weiss temperature and constant, respectively, and 0 is the permittivity of free space. For a stress-free single crystal, Eq. ͑1͒ is reduced to F͑ P,T ͒ϭF 0 ϩ␣ 1 P 2 ϩ␣ 11 P 4 ϩ␣ 111 P 6 , ͑2͒
and the spontaneous polarization P 0 in the tetragonal phase can be obtained by the condition for thermodynamic equilibrium ‫ץ/‪F‬ץ‬ Pϭ0 such that
Below T C , the self-strains of the phase transformation that describe essentially the structural variations in the lattice, or the lattice distortion, are given by
where a and c are the lattice parameters in the tetragonal ferroelectric state and a 0 is the lattice parameter of the cubic phase. If ␣ 11 Ͻ0, the phase transformation from the parastate is of first-order ͑i.e., discontinuity in P 0 , a, and c at T C and thermal hysteresis in the same parameters around T C ) and it is second-order if ␣ 11 Ͼ0 ͑i.e., gradual variation in P 0 , a, and c below T C with no thermal hysteresis͒.
Suppose that the same ferroelectric is deposited epitaxially under short circuit electrical boundary conditions, i.e., with top and bottom electrodes, on a cubic substrate such that (001) film //(001) substrate at a deposition temperature T G ϾT C . The thickness of the substrate is taken to be much thicker than the film such that all the internal stresses are concentrated in the film and the substrate is stress-free. If the film thickness is comparable to substrate thickness, the internal stresses will distributed between the film and substrate depending on their relative thickness and elastic moduli and will result in the bending of the bimorph layer. 22 We further assume that the thickness of the film is smaller than the critical thickness for misfit dislocations, although we will relax this restriction when the thickness dependence of epitaxial stresses due to the formation of misfit dislocation during film growth is considered in the next section. The stress state in the film due to in-plane lattice matching results in equal biaxial in-plane components 1 ϭ 2 , with no shear stresses ( 4 ϭ 5 ϭ 6 ϭ0), and no out-of-plane stress ( 3 ϭ0). The free energy functional given in Eq. ͑1͒ has to be modified since it rather describes the effect of external stresses ͑work done on the system͒ and not the effect of internal stresses ͑potential to do work͒ with proper mechanical boundary conditions. This can be done via
where x 1 ϭx 2 ϭx m ϭ(a S Ϫa 0 )/a S is the in-plane misfit strain and a 0 is the equivalent cubic cell constant of the free standing film. Using ‫ץ/‪F‬ץ‬ 1 ϭ‫ץ‬F/‫ץ‬ 2 ϭϪx m to express the stresses in terms of the misfit strain, the modified free energy is obtained after some rearrangement as are the renormalized Landau coefficients. The effect of the internal stresses and the mechanical boundary conditions manifests itself in two ways. First, there is a change in the phase transformation temperature that varies linearly with the misfit strain x m . The shift in T C can be obtained via ␣ 1 *ϭ0 such that
Secondly, the phase transformation characteristics are modified due to the two-dimensional clamping of the film by the substrate as described by ␣ 11 * . If the phase transformation in unconstrained single-crystal is of first order ͑i.e., ␣ 11 Ͻ0), the phase transformation in an epitaxial film may be of second order depending on the magnitude of Q 12 2 /(S 11 ϩS 12 ). It should be noted that ␣ 11 * is not a function of the misfit strain x m . Therefore, the nature of the phase transformation will be altered regardless of the misfit between the film and the substrate depending on the magnitude of the ratio Q 12 2 /(S 11 ϩS 12 ).
The minimization of the modified free energy with respect to the polarization of the film (‫ץ‬F ‫ץ/‬ Pϭ0) yields the spontaneous polarization as a function of the misfit strain, which is essentially given by Eq. ͑3͒ with the renormalized coefficients of Eqs. ͑7͒,
Structural aspects of the phase transformation also change due to the presence of internal stresses. The variation of the lattice parameters as a function of temperature in the tetragonal ferroelectric state can no longer be described by Eqs. ͑4͒ due to the elastic strains to match the lattice parameters of the film to the substrate as well as the clamping effect of the substrate. The out-of-plane component of the strain x 3 in the parastate is related to the misfit strain by
It is clear that the film in its paraelectric phase assumes a tetragonal lattice due to elastic in-plane strains but should not exhibit ferroelectricity as the biaxial in-plane stress state can never give rise to noncentrosymmetric displacements ͑of e.g., of the Ti ϩ4 and O Ϫ2 ions in BT͒ within the paraelectric lattice. Below T C , the self-strain of the phase transformation should be taken into account in the calculation the out-ofplane lattice parameter. In the limit of linear elasticity, the out-of-plane lattice parameter can be calculated via
and the in-plane lattice parameter of the film is equal to the lattice parameter of the substrate for pseudomorphic films.
III. RESULTS AND DISCUSSION
As a prototypical example, consider the phase transformation characteristics of BT for which there exists a great deal of information on the thermodynamic parameters and physical properties ͑see Table I , Refs. 23, 24͒. The transformation from the cubic paraelectric state to the tetragonal ferroelectric state is of first-order with T C ϭ130°C. The theoretical spontaneous polarization and the lattice parameters of single-crystal BT are plotted as a function of temperature in Figs. 1 and 2 ͑bold lines͒. In Fig. 1 , we also plot the variation in the spontaneous polarization as a function of misfit strain. In accordance with Eq. ͑8͒, it can be seen that T C increases with increasing compressive misfit, stabilizing the ferroelectric phase at higher temperatures whereas tensile misfit decreases the transformation temperature. Figure 1 also shows that the spontaneous polarization is significantly enhanced in films under in-plane compression while in-plane tension tends to lower P 0 . It is important to point out that the phase transformation in epitaxial BT films is of secondorder since ␣ 11 * Ͼ0. This is very obvious for the case when x m ϭ0 for which there is no change in the transformation temperature as compared to bulk BT, but the phase transformation is of second-order and the spontaneous polarization is reduced by ϳ10% at room temperature.
In Figs. 2͑a͒ and 2͑b͒ , the lattice parameters of BT are plotted both for bulk BT and for BT epitaxial films with compressive misfits ͓Fig. 2͑a͔͒ and with tensile misfits ͓Fig. 2͑b͔͒. It should be kept in mind that the film cannot contract or expand freely in the film-substrate plane. Again, the clamping effect of the substrate is rather significant ͓see Fig.  2͑a͒ for x m ϭ0] , resulting in a second-order transformation and a decrease ͑increase͒ in the out-of-plane ͑in-plane͒ lattice parameter. Figure 2͑a͒ also shows that the structural characteristics of the phase transformation may completely be obscured in the presence of compressive strains. The ''jump'' in the lattice parameters disappears for large enough compressive stresses which should not mean that the ferroelectric transformation has vanished, or conversely, that the ferroelectric phase is induced in the parastate due to internal stresses. This merely is an indication that the epitaxial stresses in this case are larger than the self-strain of the phase transformation and the onset of ferroelectricity can be determined using Eq. ͑8͒. Thus, although the film has tetragonal symmetry both above and below T C (x m ), it is paraelectric if TϾT C (x m ) and ferroelectric if TϽT C (x m ). An important conclusion that follows these results is that just the measurement of the lattice parameters at a given temperature in epi- taxial ferroelectric films alone cannot prove ͑or disprove͒ the existence of ferroelectricity. To determine the phase transformation temperature and/or to establish the presence of ferroelectricity, the hysteresis loop or the dielectric response should be measured as a function of temperature. For tensile strains, similar behavior is predicted with the in-plane lattice parameter being larger than the out-of-plane lattice parameter ͓see Fig. 2͑b͔͒ . In epitaxial films, the magnitude of the internal stress is a function of the film thickness h. This is due to the thickness dependent relaxation of lattice mismatch-induced stresses by the formation of misfit dislocations during film growth. 25 The generation of misfit dislocations can be incorporated into the model using the thermodynamic analysis of Matthews and Blakeslee 25 and an ''effective'' substrate lattice parameter. 26 Matthews and Blakeslee predict a critical film thickness h corresponding to the onset of misfit dislocations. At the deposition temperature T G , the equilibrium linear misfit dislocation density is given as
͑12͒
If no additional dislocations form during cooling, then an ''effective'' substrate lattice parameter, ā S can be defined as 26, 27 
which can then be used to calculate the misfit strain instead of the actual lattice parameter. The basic limitation to the thermodynamic modeling of the effect of misfit dislocations is that the real critical thickness for dislocation formation and the linear equilibrium dislocation density may differ from the actual observed values because of kinetic factors. 28 However, for films grown close to equilibrium conditions, the Matthews-Blakeslee model generally provides a good estimate of the magnitude of the relaxation and the misfit dislocation density/spacing ͑see, e.g., Refs. 18 and 26͒.
Terauchi et al. 8 have measured the variations in the lattice parameters of ͑001͒ BT films as a function of film thickness on ͑001͒ ST substrates grown at T G ϭ600°C deposited by activated reactive evaporation. Taking into account the thickness dependent relaxation of the epitaxial strains at the film growth stage due to the formation of misfit dislocations, in Fig. 3 we plot the theoretical lattice parameters of BT as a function of film thickness together with the experimental results of Terauchi et al. 8 The critical film thickness for misfit dislocation generation is calculated to be ϳ5 nm at T G . As can be seen, theoretical results are in good agreement with the experimental measurements considering that there are no adjustable parameters in the theoretical analysis that uses the Matthews-Blakeslee critical thickness for dislocation formation.
Furthermore, the stress relaxation due to the formation of the misfit dislocations can significantly alter the ferroelectric↔paraelectric phase transformation temperature ͓see Eq. ͑8͒ with x m () due to Eqs. ͑12͒ and ͑13͔͒. shows the theoretically calculated Curie temperature vs film thickness for epitaxial ͑001͒ BT films on the ͑001͒ ST substrate ͑solid line͒. An increase in the film thickness leads to reduction of the compressive stresses in BT films on ST substrates by the formation of misfit dislocations and thus decreases the Curie temperature towards the bulk value. Theoretical analysis shows that the BT film is fully relaxed at the film thickness of ϳ330 nm, which is consistent with the variation of the lattice parameters with the film thickness as shown in Fig. 3 . The small decrease in T C for films thicker than 330 nm is due to the interplay between the misfit relaxation by interfacial dislocations at T G and the thermal stresses that arise due to the ͑small͒ difference in the TECs of the film (ϳ12ϫ10 Ϫ6°CϪ1 ) and the substrate (11 ϫ10 Ϫ6°CϪ1 ) as the film is cooled from T G to room temperature.
A comparison of the theoretical prediction with available experimental data from the literature is also provided in Fig.  4 . Onodera et al. 29 have determined the Curie temperature of epitaxial BT films by specific heat measurements as a function of temperature. BT films with film thickness 6 nm and 200 nm were deposited on ST substrates using a reactive evaporation method. The Curie temperatures of these two samples were 417°C and 170°C, respectively, which agree with the theoretical results ͑open squares in Fig. 4͒ . A good correlation was also found with another experimental study, 30 where a maximum in the dielectric response as a function of temperature was measured at 115°C for 400 nm thick ͑001͒ BT films epitaxially grown on Pt-coated ͑001͒ ST substrates by activated reactive evaporation ͑solid square in Fig. 4͒ .
Using the theoretical model developed in this study, we would like to discuss two more observations. The ''absence'' of a phase transformation 6 has been observed in many experimental studies based on x-ray diffraction ͑XRD͒ results. 5, 6 First, Kim et al. 6 investigated in situ the structural characteristics of 290 nm ͑001͒ BT films deposited on ͑001͒ MgO by rf-sputtering as a function of temperature. It was found that the BT films had a tetragonal structure up to 600°C. It was speculated that thermal strains were responsible for the disappearance of the phase transformation. As shown in this report, the reason for this is the fact that structural component of the phase transformation due to the noncentrosymmetric displacements of the ions in the BT lattice is overwhelmed by the epitaxial stresses. The absence/ presence of ferroelectricity can only be confirmed by electrical measurements. In another experimental study, 600 nm thick ͑001͒ BT was grown on ͑001͒ ST using pulsed laser deposition 7 at 700°C. After annealing treatment at 450°C, the sample was cooled to room temperature. XRD experiments were carried out up to 800°C and results point out to the presence of a c/a/c/a polydomain structure 27 with decreasing volume fraction as the temperature is increased. Upon cooling, BT peak splitting is not observed prompting the authors to dub the cubic-to-tetragonal phase transformation in BT to be ''irreversible.'' However, the absence of two distinct BT peaks upon cooling is not a conclusive evidence for the presence of ferroelectricity. What really may be irreversible is the polydomain formation in BT under the specific conditions the experiments were carried out.
The formation of polydomain ͑twin͒ structures is another stress relaxation mechanism in epitaxial ferroelectric films. 26, 27, [31] [32] [33] This mechanism is activated due to the selfstrain of the ferroelectric phase transformation and the presence of an invariant plane between the orientational variants of the lower-symmetry ferroelectric phase. Polydomain formation is only possible if the internal stresses are tensile 27, 34 and the structural characteristics of the polydomain film should be similar ͑identical if there is complete relaxation 35 to the bulk material͒. It has been shown that if the internal stresses are compressive or the film thickness is below a critical thickness single-domain structures are favorable. 26, 27, [31] [32] [33] The effect of polydomain structures and the formation of unusual phases associated with the rotation of the polarization vector due to internal stresses 2 on the phase transformation characteristics will be discussed in a future publication.
The thermodynamic formalism presented in this article is equally applicable to any structural or ferroic phase transformation. This follows from a generalized Landau free energy function. Consider the expansion of the free energy of a structural or ferroic phase transformation of a homogeneous single-domain system with three order parameters i such that it is a harmonic function of the order parameters ͑and thus does not contain odd powers͒ is given by or the self-strain x i j 0 as the order parameter, respectively. The modifications in the structural as well as physical characteristics of films undergoing a phase transformation can be determined in a manner similar to the one described in this article using the Landau potential given in Eq. ͑14͒.
IV. CONCLUSION
The structural characteristics of the ferroelectric phase transformation in epitaxial films were studied theoretically using a thermodynamic model. The phase transformation temperature varies linearly with the misfit strain between the film and the substrate. It was also shown that the effect of elastic clamping of the substrate might result in a change in the order of the phase transformation as well as significant variations in the spontaneous polarization. Depending on the internal stress state, the structural aspects of the phase transformation ͑i.e., ''jump'' in the lattice parameters near the transformation temperature͒ may not be observed, which should not mean that the ferroelectric transformation has disappeared, or that the ferroelectric phase can be induced. Taking into account the relaxation by the generation of misfit dislocation during film growth, the thickness dependence of the lattice parameters and the phase transformation temperature was studied as well. Theoretical results were found to be in good agreement with experimental observations reported in the literature. The methodology developed in this report can be translated to other thin film systems that exhibit a structural variation due to a phase transformation.
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